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XX. On the Prohabilitm of SummrJIotps between Two Per fans 
of any given Ages^ and the Method of determining the Values 
of Reverfions depending on thofe Survivorfjips. By Mr. Wil« 
liam Morgan ; communicated by the Rev^ Richard Price, 
D. D, F* R» aS*. 




Read May 8, iy^$. 

THE liypothefis of an equal decrement of life, adopted 
M. DE MoiVRE, for the purpofe of facilitating the com 
potations of life annuities, has not only been rendered unne- 
cefiary by the late publication of many excellent tables deduced;, 
from real obfervations^, but has likewife been found fo very 
incorred in fome cafes, that probably little or no recourfe will 
ever be had to it in future. But though the direft applicatioa 
of this hypothefis may be laid alide, there is danger of its not: 
being entirely abandoned; and mathematicians may ftill be led 
to reafon from this principle, by derivhig their rules from the 
expedlations rather than from the real probabilities of life. The 
ingenious Mr. Thomas Simpson has contented himfelf vi^ith^ 
this inaccurate method in his Select Exercifes, and he has been' 
followed in it by moft other writers on the fubjedf* Even 
in thofe cafes which involve only two lives, the errors are often 

* See Dr. Price's Treatife on Reverfionary Payments, 4th edit.; and Mr. 
Baron Maseres on Life Annuities, 

t Dr. Price's folutions of his 15th and i6th qiiellions are exceptions to this 

remark. 
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conflderable, efpecjally if the expedations are derived from the 
London^ the Sweden^ or any other tables, in which the de- 
crements of life are unequal. But when three lives are in- 
volved in the queftionj thefe errors are generally enormous ; 
nor IS it ever iafe, when the ages of thofe lives differ very 
much, to have recourfe to rules vi^hich are founded upon this 
principle. The three following problems, though the moft 
€ommon in the dodrine of furvivorfliips, have never hitherto- 
been folved in a manner ftri£tly true. The fecond of them is 
of particular importance, and I have taken much pains to exa- 
mine how far Mr. Simpson's folution of it may be depended 
"upon. It has, indeed, been folved by M. de Moivre^, and 
Mr. DoDSON'f' : but the firft of thefe writers has erred moft 
egregioufly in the folution itfelf, and the other having derived: 
his rule from a wrong hypothefis, has rendered it of no ufe. 
It is much to be wilhed that the folutions of all cafes in rever- 
iions and furvivorihips were deduced, like the thrde following, 
ones, from the real probabilities of life. Mofl of thofe whicb 
are now in ufe are at beft but approximations, and can never 
be relied on with any tolerable degree of fatisfa^tion.- 

p R o B L E M I. 

Suppoiing the ages of two perfons, A and B, to be given ;: 
td determine the probabilities of £irvivar(hip between them^ 
ftom any table of obfervationsv 

s o i> V T I- ou^. 

l^et i3f feprefbnt tlie number of perfbns living in the table a^ 
the age of A the younger of the two lives i Let a% a^^d^^ 

* See Mr. de Moivre's 17th problem, and Dr% Price's remarks iip^on it in 
Jliis Treatife on Reverfionary Payments, EiTay 3, ¥oli I. 

f See Podson's MathematiGal Repofitoryj fmb»%%^ Voli ilL 
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d^^^'^ &c. reprefent thp dec^rements of life at the and of the 
ift/ad, 3d, 4th, &c. years from the age of A* Let b repre- 
fent the number of perfons living at the age of B the older of 
the two lives, and c^ 4 ^?/i &c. the number of perfons Hving 
at the end of the ift, 2d, 3d, 4th, &c. years from the age of 
B. Suppofing now it were required to determine the-probabi- 
lity of B's furviving A in the firft year. It is manifeft that 
this event may take place either by A*s dying before the end of 
the year and W% furviving that period, or by the extin£lioii 
of both the Jives, reftrained however to the contingency of B*^ 
having died laft. The probability that A dies in the firft year, 

and that B furvives it, is expreffed by the fradlion ~. The 
probability that both the lives die in this year is expreffed by 
the fradion tllzl% and as it is very nearly an equal chance that 
Adiesjf{y?, this fradiort fhould be reduced one-half^ and then 

it will become = ''-^^'. Hence the whole probability of B's 



furviving A in the firfl year will be == ^ + — ^^ - " = "°~taf~' ^^ 
the fame manner the probability of B's furving A in the ad,, 

a" » cT~d a'" .J+e 

3d, 4th, &c. years may be found = — -j~ • ' * • ' ]^'J ' * • • 
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, &:c. refpe£i:ively I therefore, the whole probability of B's 



furvivmg A will be ssc -7 K — ---ai — -a +^~-a +—- a , 

occ* 

Having found by the preceding feries the probability of B, 
the elder life's, furviving A the younger ; the other expreffion, 

y y 2 which 
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which denotes the probability of A's furvlving B, is well known 

to be the difference between the foregoing feries mid unity . 

The fum of this feries might eafily be determined from 
tables of the expeftations of (ingle and joint lives ^. But no 
fuch table as the latter having ever been computed, it will by 
BO means be found a laborious undertaking to compute a table 
of the probabilities of furvivorfhip between two perfons of all 
ages immediately from this feries, without having recourfe to the 
expeftations of life. For if the probability of furvivorfhip between 
any two perfons be found, the probability between two perfons 
one year younger is obtained with little difficulty ; and by pro- 
ceeding in this manner a whole table may be formed in lefs time; 
than would be neceflary for computing one of the expedations 
of , two joint lives. To exemplify what I have faid, I fliall 
juft fet down a few operations for determining the probability 
of furvivorfhip, according to the Northampton Table of Gb- 
fervations t, between two perfons, whofe common difference 
of age i^ ID years* 

* The above feries, expreffing the probability of fiirvivdrfliip, may be eafily. 
found, from the folution of the, next pixjblem, zr E.' .. ;.'~"''"' '^"^^ .'.'. ,1 ; K 

denoting the expectation of one life one year younger than B j C the expeftation 
of a life one year older than B ; AK and AC the expe6lations of the joint lives 
of A and K, and of A and C, refpe£tively i and ^, as in that problem, the 
ttumber of perfons living in the tafele of obfervations at the age of K.- 
f See Dr, Price's Treat ife on Reverlionary PaynientSj Tab, 6, Vol, 11. 



on Survhorjhtps* 



^ /% .•*■" 



Age I Age 
of B.of A. 



9^ 



95 



94 



92 



92 



I 



90 



86 



85 
84 



8 



82 



81 



80 



probability of B's furviving A. 



Probability of A's 
furviving B., 



1x145 
I 



0+1 
X-— T- X34 



^^73 



4X 186 
1 



_x-il'— X 41 4- 1 7 = .1606 



W -....III I ■ — /\ 



9x234 

I 16 + 9 



+ I It;.5=:«2049 



X 



16x289 

I 24+16 



^ 5S + 43 1 '5= '2420 



24 X 346 



^x 



X 57-+ 1 1 19 = .2720 



I 






.1606 



,8887 



o 

o O -^' Q 4 



I —.2049 =..795 1 



34 X 406 



X 



X 



344- 24 



X 60 + 2259 = .2897 



46+34 



^63 +39 9 9 = .30 2 2 



I —•.2420 



.,2720 






c8o 



i 



.7280 



I —.2897 = .710 



I —.3022 == ,69 



*-5 
/ 



46 X 469 

It may eafily be feeii from thefe fpecimens In what manner 
the probabilities of furvi^orfhlp between two younger lives are 
deduced from the probabilities between two older lives, pro- 
vided their common difference of age be the fame; for the 
numbers 17 . « 119.5 • « • 431-5? ^^* j^ the 2.d, 3d, 4th, &c« 
feries are the fums of the feries next preceding. Thus 17 is 
rz 34 X I . • • 1 19*5 IS = 41 X |.+ 17 . . . , 43^-5 is— 48 X '-J + 
119.55 &c. It may be neceffary to obferve further, that if 
the ages of the two perfons be equal, the probability of furvi- 
vorihip between them being likewife equal, is expreffed by the 
fra£lion -| ; and that this affords an inflance of the accuracy of 
the foregoing inveftigation ; for the feries expreffing the proba- 
bility in this cafe is the fame with this fra£llon, the chance, of 
furvivorfliip becoming then (fince azzb; a' zz h -^ c; af^ r: 
€ -d^ &c, ; and ^ + c x ^'' = ^ + c x ^ - c — ^'' -• c\ &c,) » 
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3^$ Mr. Mgegan 

Mr. SiMPsoivr, in his Treatife on Annuities and Rever-^ 
fious ^ has given a curve whofe area determines the probable 
lity of furvkorihip between twoperfons according to any table 
of obfervations. If one of the lives be not very young fa 
that the equidiftant ordinates may not be too few, this area Is 
fufficlently corred. But if the eldeft of the two lives is under 
20 years of age, It becomes neceflary to affume fo many equi« 
diftant ordinates to render the folution accurate, when the de- 
crements of life are unequal^ that the operation is rendered 
much too laborious for ufe; nor do I know that it can be ne- 
ceflary to have recourfe to this area in any cafe, efpecially as 
the true probabilities of furvivorftiip are fo eafily computed 
from the preceding feries* 

The following table has been formed in the manner de^^ 
fcrlbed above ; and as no fuch table has ever been attempted 
before, I have been the more defirqus to render it complete, by 
computing the probabilities of furvivorfhip between two per* 
fons of all ages, whofe common difference is not lefs than 
ten years. 

Inftead alfo of fuppofing Certainty to be denoted by unity, 
1 have aflumed i^o for this purpofe; fo that the fums In the 
adjoining columns exprefs the number of chances in 100 
which are in favour of B or A's furvlving the other. 

* Lemma ^^p. 100, 
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^ABLK, fiiewing tlie probabilities of furvivorfhip between two 
perfons of all ages, whole common clitFerence of age is not 
lefs than ten years, computed from the Northampton Table 
of Obfervations in Dr. Price's Treatife on Reveriloiiary 
Payments. 



Ten years difference. 


Twenty years difference. 


Thirty years diffe 


rence. 
iiitles. 


Ages. 


Probabilities. 


Ages. 


Probab 


i ities. 


Ages. 


Probab 


II- I 


58.59, 41.41 


21— I 


52.46 


47-54 


31- I 


4S.23I 51.77 


12— 2 


51.30 


48.64 


22—2 


4433 


55-67 


32- 2 


39^36 


bo 64 


13- 3 


48.23 


51-77 


23- 3 


40.88 


59.12 


s^^ 3 


35*57' 


64.43 


f4- 4 


45.98 


5402 


24— 4 


39.00 


61.00 


34- 4 


32.86 


67.14 


'5- 5 


44.70 


55-30 


25- 5 


37-69 


62.31 


35- 5 


Z'^^SS 


68.65 


16- 6 


43-43 


56-57 


26— 6 


36.40 


63.60 


36- 6 


29.85 


70.15. 


17- 7 


42-53 


57-47 


27- 7 


35-48, 


64.52 


37- 7 


28.83 


71.17 


i8- ■& 


41.91 


58.09 


28- 8 


34-84 


65.16 


38- 8 


27.98 


72.02 


19- 9 


41.60 


58.40 


29- 9 


34-52 


65.48 


39- 9 


2.7-53 


72.47 


ao— 10 


41-53 


58-47 


30-10 


34-41 


65-59 


40—10 


27-33 


72.67 


21 — II 


41.58 


58.42 


31-11 


34.40 


65.60 


41-11 


27.24 


72.76 


22 — 1 2 


41.68 


58.32 


32-12 


34-42 


65-58 


42 — 12 


27.18 


72.82 


23-13 


41.78 


58.22 


33-13 


34-44 


65-56 


43-13 


27-14 


72.86 


24—14 


4 1. 90 


58.10 


34-14 


34-47 


65-53 


44-14 


27. u 


72.89 


25-15 


42.02 


57-98 


35-15 


34-51 


65-49 


45 - 15 


27.08 


72.92 


26— 16 


42.16 


57-84 


36-16 


34.56 


65-44 


40 16 


2 7 -06 


72.9, 


27-17 


42.26 


57-74 


37-17 


34-58 


65-42 


47-17 


27.01 


72.99 


28-18 


42.32 


57.68 


38-18 


34-54 


65.46 


48-18 


26.90 


73-10 


29-19 


42-34 


57.66 


39-19 


3444 


65-56 


49-19 


26.72 


73.28 


30—20 


42.31 


57-69 


40 — 20 


34-29 


65-71 


50-20 


26.50 


7350 


31-21 


42.22 


57.78 


41 —21 


34.08 


65-92 


51-21 


26.21 


73-79 


32-22 


42.0-9 


57-91 


42 — 22 


33-84 


66.16 


52-22 


25.89 


74.11 


33-23 


41.97 


5803 


43-23 


33-59 


66-41 


53-23 


25*56 


7444 


34- -H 


41.83 


58-17 


44-24 


33-35 


66.6r 


54-24 


25.22 


74.78 


35-25 


41.70 


58.30 


45-25 


33-09 


66.91 


55-25 


24.87 


75.13. 


36 — 26 


41.56 


58.44 


46 — 26 


32-83 


67.17 


56—26 


24-5^ 


75-48 


37-27 


41.41 


58.59 


47-27 


32-5& 


67.44 


57-27 


24.16 


75.84- 


38—28 


41.26 


58-74 


48-28 


32-28 


67.72 


58-28. 


23,79 


76.ai 


39-29 


41,10 


5^-9° 


49-29 


3199 


68.01 


59-29 


23.41 


76.59 


40 - 30 


40.94 


59.06 


50-30 


31.70 


68.30 


60 — 30 


23,02 


76.98 


41-31 


40.78 


59.22 


51-31 


3i'43 


68.57 


61 31 


22.63 


77-37 


42-32 


40.63 


59-37 


52 32 


31-16 


68.841 


62 — 32 


22023,. 


77'77 


«-33 


40.49. 


5951 


53-33 1 


30.88 


69v3 2 1 


63-33 


2u8i 1 


78.19 
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■ Ten years difference. I Twenty years difference. 
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Ages. 



probabilities. 



44" 

45- 
46- 

47- 
48- 

49' 

53' 

54- 

55' 
56- 

57- 
58- 

59" 
60- 

61 • 

62- 

64- 

65- 
66. 
67. 

68 
6,9- 
70. 
71- 

72- 

7.3 

74- 

75- 
7(3- 

.77 • 
78 

79 
So- 

81. 

82- 

■84 
85 

86 



•34 

•35 

36 

37 
3B 

39 

40 

■ 41 
•42 

•43 

■44 

45 
46 

47 
■48 

•49 
■50 

51 

53 
5.4 
55 

•56 
•57 
.58 

59 

■ 61 
62 

■63 

64 

-65 

.66 

.67 

■ 68 
-69 
-70 

-71 
-72 

-73 
-74 

-75 
-76 



n 

o 



4O.34 
40. j 9 
40.04 
59.88 

39-71 
39-54 
3938 

39-23 

9.07 

8.90 
38.81 

38-53 

38-35 
38.16 

37-97 

37-77 
37-5(> 

37-30 
37.00 

36.68 
36-34 

35-97 
35-58 

35- 1 7 
34-74 
34-30 

33-85 



33-3 



8 



1 

o 



31 



32.90 

2.4^ 

2.04 

70 

3^-45 
3 1. 20 

30.90 

30.47 

30.00 

29. s^ 

29.19 

28 90 

29 02 
29.17 
29.15 



Ages, 
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59.66 

59.81 

59.96 

60.12 

60.29 

60.46 

60.62 

60.77 

60.9^ 

61.10 

61. 19 

61,47 

61.65 

61.84 

62.03 

62.23 

62.44 
62.70 

63.00 

63*32 
63.66 
64,03 
64.42 
64.83 
65.26 
65.70 
66.15 
66.62 
67.10 

67-54 
67.96 

68 30 

68-55 

68. Bo 

69.10 

6953 

70-00 

70*42 
70 81 
71.10 

7098 
70.83 

:v^o.75 



54- 

55- 

57- 
58- 

59- 

60 ■ 

61 - 
62- 

64- 
65- 
66- 
67- 
68- 
69- 
70- 
71- 
72- 

73- 

74 

75- 
76- 

77- 
78- 

79- 
80 

81- 
82. 

83- 

84- 

85- 
86. 

87' 
88- 

89- 

90 

91 ■ 

92. 

93 
94 

95 
96 



34 



3 



3^ 
37 
38 

39 

•40 

41 

■42 

45 
46 

■47 
48 

49 
5^ 
51 

52 

53 

54 

'55 
56 

57 

58 

59 
60 

61 
62 

63 

64 

65 
66 
67 
68 
■ 69 
.70 
.71 
■72 

■73 

•74 

:75 
76 



Probabilities. 



30.60 

30.32 

30-03 

29-73 

2943 

29.13 
28.82 

28.49 

28.14 

27.74 

27-33 
26.90 

26.46 

26.01 

25-55 
25.09 

24.61 

24»o6 

2349 
22.91 

22.35 
2i.8i 

21.31 

20.80 

20.24 

1959 

18.90 
18.23 

^7-57 
17.03 

i6-73 
16.55 

16.29 
16.38 

16.44 
16 23 
15.67 

14.50 

13-05 
II 08 

9.24 

7.17 

5 • ^ 2 



69.40 
69.68 

69-97 
70.27 

70.57 
70.87 

71.18 

71-51 
71.86 

72.26 

72.67 

73.10 

73 54 
73-99 

74-45 

74 9 1 
75-39 
75-94 
76. 51 
77.09 

77.65 
78.19 
78.69 
79-20 
79.76 
80.41 
8i.io 
81.77 

8243 
82.97 

83.27 

83-45 

8371 

83.62 

83.56 

83-77 

84.33 
85-50 
86.9$ 
88.92 
90.76 
92.83 
94. 88 



Thirty years differenee. 



Ages. 


Probabilities, 


64-34 


21.38 


78.62 


65 - 35 


20.93 


7907 


66-36 


20-47 


79-53 


67-37 


20.01 


79-99 


68-38 


19-54 


80.46 


69-39 


19.06 


80.94 


70—40 


18.59 


81.41 


71-41 


18.10 


81.90 


72-42 


17-58 


82.42 


73-43 


17.05 


82.95 


74-44 


16.53 


83-47 


75-45 


16.04 


83.96 


76-46 


15.60 


84.40 


77-47 


15-15 


84-85 


78-48 


14.68 


85.32 


79 49 


14.16 


85.84 


80-50 


1 3-6 1 


86.39 


81-51 


13.04 


86.96 


82-52 


12.46 


87.54 


83-53 


11.94 


88.06 


84-54 


11.60 


88.40 


85-55 


ri.30 


88.70 


86-56 


11.04 


88.96 


87-57 


10.80 


89 20 


88-58 


10.63 


89.37 


89-59 


10.25 


89-75 


90 60 


9-65 


90.35 


91-61 


8.68 


91.32 


92—62 


7-54 


92.46 


93-63 


6.18 


93.82 


.94 - 64 


4-93 


95'07 


95 - 65 


3.68 


96.32 


96-66 


2.58 


97.42 
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Ten years difference. 



Ages. 



87 

88- 
89. 
90. 
91. 
92 

93 

94 

95- 

96- 



77 
78 

79 
80 

81 

82 

84 

85 

85 



Probabilitiss. 
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Forty years difference. | Fifty years difference. 



Ages. 


Probabilities. 


41— I 


43-57 


56-4.: 


42— 2 


33*98 


66.02 


43- 3 


29.85 


70 15 


44 4 


26.88 


73.12 


45 S 


25.20 


74.80 


46 6 


2353 


76.47 


47- 7 


22.30 


77.70 


48-- 8 


21.40 


78.60 


49- 9 


20.86 


79.14 


50—10 


20.59 


79.41 


51-.11 


20.45 


79-5S 


S2-12 


20.35 


79.65 


53-13 


20.26 


79-74, 


54-14 


20.18 


79.82. 


55-15 


20.11 


7989 


55- 16 


20.05 


79'95 


57-27 


1996 


80.04 


58-18 


19.81 


Bo. 1 9 


59-^9 


^9-59 


80.41 


60—20 


19-31 


80.69 


61 —21 


1^.96 


81 04. 


62 — 22 


18.55 


81.45 


^3-23 


18.12 


81.88 


64 — 24 


17.68 82.32 1 


Vol. 1 


-.XXVII 


» 



Ages. 



51- 

52- 

53- 

54- 

55- 
56- 

57- 
58- 

59- 

60- 

61- 
6a- 

63- 

64- 
65- 

66- 

67- 
68- 
69-. 

70- 

71- 

72- 

73- 
74- 



I 

2 

3 

4 

5 
6 

7 
8 

9 

iO 

II 
12 

13 

14 

15 
16 

17 
18 
19 



20 



21 
22 

23 

24 



Probabilities. 



39.16 
28.87 
24.46 
21.28 
19.48 
17.68 
16,35 

15-35 
14.74 

14.42 

14.22 

14 06 

13.90 

13.76 

13.62 

13-50 

13-35 

13.14 

12.86 

12.53 
12. 1 1 

11.65 

II. 20 
10.75 I 

Z z 



60.84 

71-13 

75-54 
78.72 

80.52 

82.32 

8365 
84.65 

85.26 

85.58 
85.78 

85.94 

86.10 
86-24 
86.38 
86.50 
86 65 
86.86 

87.14 
87.47 
87.89 

88-.35 
88.«o 

89.25 



Sixty years difference, 



Ages. 



6i 
62 

63- 
64 

65- 

6b 

67 

68- 

69- 

70- 

71- 

72 

73- 

74- 

75- 
76- 

77- 
78- 

79- 
80- 

81- 
82- 

83- 



• I 

- 2 

- 3 

• 4 

■ 5 
. 6 

• 7 

• 8 

■ 9 

10 

u 
12 

■13 

14 

15 
16 

17 
18 

19 

20 

21 
22 

23 



Probabilities. 



84—24 



34-94 
24.13 

19.52 

16.19 

14.28 

12.37 
10.92 

9.82 

9.12 

8.73 
8.46 

8.25 
8.05 

7 88 

7-75 
7.68. 

7-59 

7-43 
7.19 

, 6.90 

6.55 
6.16 

5-81. 



65.06 
75.87 
80.48 
83.81 
85.72 
87.63 
89,08 
90.18 
90.88 
91.27 

91-54 

91-75 

91-95 
92.12 

92.25 
92.32 

92.41 

92.57 

92.81 

93.10 

93-45 

93-84 
94.19 

94.44 
Forty 
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Forty years difference* | Fifty years diiFerence. j Sixty years difference. 



Ages. I Probabilities. I Ages. 

f __ I 



65-25 
66 — 26 
67-27 

68-28 

69 — 29 

70 - 30 
71-31 

72— 32 

73-33 

74-34 

75-35 
76-36 

77-37 
78-38 

79-39 

80—40 

81—41 

82—42 

83-43 
»4 — 44 

85-45 

86 — 46 

87-47 
88-48 

89-49 

90 — 50 

91-51 

92—52 

93-53 

94-54 
95-55 
S6-56 



17.22 

16.76 

16.29 

15.81 

15-32 
14.83 

I4'34 
13.84 

i3'3S 

12.87 

1.2.42 
11.99 

II. 12 

1O.64 

1 0.2 1 

9.68 

9.19 
8.76 
8.46 
8.18 

7.95 

7.74 

7-59 
7-32 

6.90 

6.17 

5-33 
4.32 

3*42 

2.SJ 
1^731 



82.781 
83.24! 
83,71 I 
84.19 I 
84.68 I 
85.17 j 
85.66 

86 16^ 
86.65 

87.58 

8 8. 01 

88 44i 
88.88 

89.36 
89.79 

9P-32 
90.81 
91.24 

91-54 
91.82 

92.05 

93.26 

92.41 

92.68 

93.10 

93-83 
94.67 

95.68 

96.58 

97.49 

9.8'27 



75 
76 

77 
78 

79 
80 

81 

82 

83 

84 

85 
86 

87 
88 

89 

90 

91 

92 

93 

94 

95 
96 



-25 

— 26 

— 27 
-28 
-29 
-30 

-31 
-32 

-34 

-36 

-3T 
-38 

-39 

— 40 > 

— 41 

-43 
—44 

-45 



Probabilities. 



1O.32 
9.91 
9.50 
9.07 
8.61 

o* 15 
7,70 

7-27 
6.88 
6»6o 

6-35 

6.12 

5-91 

5-74 
5.48 

5-1 1- 
4-55 

3r92 

3-15 

2.47 

1.80 

1^2 3 



89.68 
90.09 
90.50 
90.93 

9 1 -39 
91.85 

92.30 
92.73 

93. 1 2 

93 4*-* 

93-^5 
93.88 

94.09 

94.26 

94-52 
94.89, 

95-45. 
96.08 

96.85 

97'53: 
98.20 

98.77 




8b 
87 
88 

8q 

90 

91 
92 

93 

94 

95 

96 



?-5 
26 

27 

28 

29 

3Q 
31 
32 
33 

34 

35. 
36 



Probabilities. 



5-32 
5- 1 1 
4.90 

4-73 
4.48 

4-13 

3-63 
3.10 

2.48 

1.94 
1.40 

0-95 



94 6 S 
94.89 

95. ID 

95*27 
95.52 

95 87 

96^37 
96.90 

97-52 
98.06 

98.60 
99-os 
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Seventy y 


ears difft 


^rence. 


Eighty years difference. 1 

1 
Ages. Probabilities. | 


Ninety years difference. 


Ages, 


Probabilities. 


Ages. 


Probabilities. 


7i_ I 


30-49 


69.51 


81- 


- I 


24.95 


-~ 1 

75-05 


91 I 


18.93 


81 07 


72- 2 


19-45 


80-55 


82- 


- 2 


H-37 


85-63! 


92— 2 


9.18 


90.82 


73- 3 


14.87 


85-13 


83- 


■ 3 


10.34 


89.66 


93- 3 


5-53 


94.4.6 


74- 4 


11.59 


88.41 


84- 


- 4 


7-63 


92-37 


94- 4 


3-52 


96.88 


75- 5 


9.80 


90 20 


85- 


- 5 


6.34 


93.66 


95 5 


2.12 


97.8B 


76— 6 


7.98 


92.02 


86- 


- 6 


4.92 


95.08 


96- 6 


''•15 


9B.85 


77-, 7 


6.60 


93,40 


87- 


• 7 


3-85 


96.15 






^ «^ 


78- 8 


S'SS 


94.47 


88- 


. 8 


3-°4 


96.96 








79- 9 


4.84 


95.16 


89- 


■ 9 


2.50 


97'50 




■ 


8o_io 


4.44 


95-56 


90- 


.10 


2.16 


97.84 








8i-iJ 


4.18 


95.82 


91- 


.11 


1.86 


98.14 








82-12 


3-97 


96.03 


92- 


-12 


1-57 


98-43 








83-13 


3.80 


96.20 


93- 


•13 


1.25 


98-75 








84-* 1 4 


^To 


96.28 


94- 


.14 


0.97 


9903 








85-15 


3.68 


96.32 


95- 


-15 


0.70 


99-3° 








86-16 


3-7° 


96.30 


96- 


-16 


0-49 


99-51 








87-17 


3-73 


96.27 
















88-18 


3-75 


96.25 
















89-19 


3-67 


96-33 
















90—20 


3-45 


9655 
















91 — 21 


309 


96.91 
















92 — 22 


2.63 


97-37 
















93-23 


2.10 


97.90 
















94-24 


1.64 


98.36 




i 












95-25 


I.I8 


98.82 
















96-26 


0.80 


99.20 






1 











PROBLEM II 



Suppofing the ages of A and B to be given; to determine^ 
from any table of obfervations, the prefent value of the fum 
S payable on the contingency of one life's furviving the 

other. 



z 2 



ox u«^ 



34^ Mr. Morgan 



S O L U T I O N« 

Let r denote j^ i. increafed by its interefl for a year, and let 
all the other fymbols be the fame as in the preceding problem* 
Let the life of B alfo be fuppofed to be the older of the two 
lives; and then it will follow, by reafoning as in the folution 
of that problem, that the prefent value of S to be received on 
death of A, (hould that happen in the life- time of B, will be ex« 



prelled by the lenes b x ; — + ^ -~^— 4---^ ~~ -^ ^-t-t— 

-*- ^ 2abr lab) 2ahr^ 2abn 

Sec, This feries may be refolved into the two following ; 

-- X -~p + -7-7 + -7-^ + — pT" CCC. i + -— + -— 2+-— 2+ --7— CCC. 

2 abr abr aor^ abr^ 2 abr avr- aby abr^ 

The firft of thefe two feries may be again refoked into 



S c ca — ca! d da — da^—dc/^ . e ea — ea — ea" — ea'^^ 

^(BBBw X I i_iji ._n wn t.i <*••*• -- Wadit ^ ^ _ .. II I ■- •••• II - • — Y'' * * HI, HWW) .1 i.i I uanM.wmiiiw II ■ I I i *■ i ■hiiiihi 'iwii iiii.ii. hi .i i_j«i i 

% hr abr br^ abr^ br^ abr^ 



S da^ , ea^\ea^^ « \ o ^ ^ da — da . e 

w X -r-^~7U~ ^^•-)~^^^^7 — uT- +.7 

2 abr auf ^ 'mot cy aa ct 



ea — ea —ea 



7i 

acr 



&c. Let B denote the value of an annuity on t;he 



life of B, C the value of an annuity on a life one year older 
than B, AB and AC the values of annuities on the joint lives 
of A and B and of A and C, and thefe feries will be rr 



SxB-AB SxrxC-AC 



7,br 



Again, the fecond feries above men- 



tioned, or - X -^+^ + 4-1 ^^'j by purfuing the fame fteps 

' 2 abr abr abr^ ^ * t^ a 



may be found = — ^ x K - AK - ~ where /3 denotes the 

•^ 2b 2r 

number of perfons living at the age of a pcrfon one year 
younger than B, K the value of an annuity on that life^ 

anci 
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and AK the value of an annuity on the joint lives of A 
and K. The whole value of the furvivorfhip is therefore rr: 

S X ■ • + -, — - — -^^^-^^ — ; • Q. E. D. 

Having now the value of the fum S payable on the contin- 
gency of R's furviving A, the value of the fame fum, payable 
on the contingency of A's furviving B, is eafily obtained by 
the well known method of fubtra£ting the value found above 
from the whole value of the reverlion after the extindion of 
the joint lives of A and B. It is evident, that the exa£lnefs 
of the above rule muft depend on the accuracy with which the 
values of the iingle and joint lives are computed. Being pof- 
faffed of fuch tables for all ages, even with refpe£l to the joint 
lives, I have computed the following values, in order that it 
may be {ccn how far Mr. Simpson's approximation. ^ (the only 
rule now in ufe) may be depended on. 

* It mufl: be remembered, that the Gon^e^lion explained by Dr. pRieE, in 
Vol. I, p. gg, &c» of his Treatife on Reverfionary Payments, mull be applied 
to Mr. Simpson's rule; that is, when the reverfion is zfam arid not as eflate^. 
ik^ value found by the rule mufl be divided hj £. I3 increafed by its intereft for 
a years 



Age 



Mr. Morgan 



m 



<! 



lO 

lO 
20 

20 

3° 

SO 

40! 



2 

10 

2 

10 

20 

2 

30 



* Value (1 


»f^. 100 






Value of 


£^ 100 






Value of 


£* 160 


payable 


on the 






payable 


on the 






payaDle 


on the 


death of 


A if B 






death of 


A if B 






death of 


A if B 


fnrwes hinn 


'■4- 




< 


fiirvives him., ] 


• 

'-4-4 




< 



fiirvives hi 


im. 


True 


Simp- 


irue 


Simp- 


True 


Simp- 


value. 


■ 

■son's 


00 

< 


5^ 


vaiuc. 


son's 




< 


value; 


son's 




value. 1 






value. 








value. 






10 


. 






60 






32.67 


26.05 140 


17.10 


19.07 


60 


38.^8 


38.92 


24.74 


24.75 1 


+0 


40 


32.86 


3^-87 


70 


2 


18.36 


9,81 


29.99 


24-73 


50 


2 


^3-36 


17.06 


70 


10 


7.07 


9'iS 


22.11: 


23.50 


50 


10 


14.01 


16.21 


fO 


40 


15-35 


15.7S 


27.9s 


27.96 


50 


20 


18.65 


19.29 


70 


70 


42.34 


42.33 


28.79 


22.60 


50 


SO 


3S-80 


35-85 


80 


2 


14.46 


5*7 1 


19.84 


21.47 


60 


2 


21.52 


13.61 


80 


10 


3-93 


5-43 


go. 12 


30.21 


60 


10 


10.65 


12.93 


Bo 


SO 


12*05 


12.00 


26,65 


20.07 


60 


30 


17-51 


18.19 


80 


80 


45-47 


45-45 



From this table it appears, that Mr. Simpson's approxima* 
lion in the middle ftages of life is fufficiently accurate ; but 
that it is exceedingly defe£live when the life of A Is very 
young. It ftiouid alfo be remembered, that thefe values have 
been computed at a low rate of intereft, and from the 
Northampton Table of Obfervations, in which the decre« 
ments of life come nearer to M. de Moivke's hypothefis than 
in any other table. But if the computations be made at a 
higher rate of intereft even from this table, the approxima- 
tion does not always agree fb well, as will appear from the 
following fpeclmens calculated at 5 per cent. 

^ Thefe values have been computed at 3 fer cent, and from the Northampton 
Table of Obfervations.. 



Age 
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Value of £. lOO 
payable on the 
death of A if B 
furvives him, by 
the Northampton 
table. 



Value of £\ lOo payable on the death of A 
if B furvives him, according to the Swe- 
den Table of Obfervations^ and at ^per 
centm 




True 


Simp-'' 


value 


son's 




value. 


21.47 


16.80 


15.42 
20.01 


17.82 
19.84 


23*53 

17.60 
27.62 


14.22 
16.23 

20.44 
27.00 


9 '39. 


13.01 



iiii.iiiiiiiwnmi 


9 

< 











True 


SlMP'« 




< 


value. 


son's 
valueo 


60 


36 


12.29 


/6.81 


60 
60 


42 
60 


16.11 
36.96 


1-9.58 
36.34 


75 


40 


9.21 


-0.81. 


.76 


52 


12.58 


•I 4.00 : 


76 


64 


23.81 


22.81 


7A 


76 


42.90 


43,2.9/ 



In order further to compare Mr. Simpson's appFOKimatioii 
with: the Uxit value, I have inferted in the foregoing table a 
few Gomputations deduced from the aS*w^//^/^ Table of Obfer- 
vations, in: which the decrements of life are tinequal. From 
thefe inftances the approximation appears to be more defedive 
in proportion as the probabilities of life differ from the hypo- 
thefis. It maj be proper, however^ to obferve, that this table 
Has been computed from the values of two joint lives given bj 
Dn Price in his Treatife on Reverfionarj Payments^ which 
values cannot be found with perfed correftnefs at every age, 
becaufe given in that Treatife (Vol. IL p, 57, &c. and p. 144, 
&c.) only for ages that are either equal, or whofe difference is 
five years or fome multiple of five as in the Northampton 
Table, or fix years or fome multiple of fix as in the Sweden 
Table. This circumjftance may perhaps be fuppofed to afFe£t 
the values of the furvivorfhips computed from them^ when the 



# 



Tliefe values at ^per cent, "^.x^ tl*^t and 22.78. 



join 
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joint lives differ from each other in a greater or lefs degree than 
they have been given in thofe Tables. But by compariag the 
values of the reverfions when the ages are equal (in which cafe 
Mr. Simpson gives the true rule) it will be feen, that the 
values of the joint lives are fufficiently correct for the purpofe ; 
and in order to pnt this matter out of all doubt, I have com- 
puted the values by the foregoing rule from the exa^ values of 
the joint lives by the Northampton Table, and alfo from thofe 
values which have been deduced from Dr. Price's Tables, and 
I have found them to agree exceedingly well ^\ 

It may be perceived, that in all the cafes of ^^ii^/ lives^ I 
have computed the values of the furvivGrfliips by the preceding 
rule. This has only been done to prove its accuracy by com- 
paring it with Mr. Simpson's rule^ which is in this particu- 
lar cafe, as I have already obferved, perfe£lly right ; for when 
the ages are equal, the chance of furvivorfhip muft alfo be 
equal, and therefore half the value of the reverfiou after the 
extin&lon of the loint lives will be the true value of the 
given fupi payable on the death of either A or B, fobje£t to 
the contingency of his being furvived by the other life. The 
truth of this .rule is felf«evident ; nor does it at all feem to 
depend on Mr. Simpson's folution in his Sele£l Exercifes. 
That it is capable, however, of being deduced from the fore- 
going feries, may be demonft rated in the following manner. By 

* I lliall jiu1: mentloQ the foliovTing inftances. When the age of B is 20 and 
that of A>is 2 years, the vqiliie^, by taking the johit lives from Dr. Price's Table^ 
and approxiijiating to the ^real values of thofe lives in the manner direded by 
him. Vol. IL p. 75. of his Treatile, is 29.59. When the ages of B and A are 
40 and 2, 50 and 20, 60 and 2, and 70 and 10, the refpe^^iive values are 26.93^ 
i'8.78, 2i,57, an;d 7.085 which 'being compared with the values in p. 344. will 
i)^ found to agree almoll exadly with them, 

reafoning 
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reafonittg as in p* ^^^. the value of the fum S, when the ages are 

equal, will be==S x 7- x -7~-+--Tr" + 7-i^ — +-—*+ &c. = 

^ ' br b * %hbr hr^ o %bhY^ 



X BB (putting BB for the value of the two equal jomt lives) = 

~ X - xBB= ({ince the perpetuity P is -^ — , and the 

intereft of anj fum is that fum multiplied by r-i) 

2 r 

Price's corredion i that Is, ^^ half the fum multiplied by the 
^^ difference between the perpetuity and the value of the equal 
** joint lives, and divided by ^. i increafed by Its intereft for a 
*^ year*** 



X — ^-^ — — -, which is Mr. Simpson's rule with Dr. 



PR O B L E M III. 



The ages of A and B being given; to determine the value 
of the fum S, payable on the extinction of one life in particu- 
lar, fhould that happen after the extlnflion of the other life* 



s o L ir T r o K, 



Suppofing B to be the oldeft of the two lives and the fum 
S to become payable on his deceafe, it is evident that this 
payment at the end of the firft year muft depend on the coti- 
tingency of both lives being extinft before this period and of 
B's dying /^. Retaining the fame fymbol^, and reafonidg as 
I have done in the folution of the firft problem^ this value 

Vol. LXXVIIL A a a will 
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will be exprefled By the fraction ^— y — ^. The payment of 

the fum S at the end of the fecond year will depend on either 
of two events happening, Firft, that A and B both die in 
the fecond year after having forvived the firft, reftrained, as 
above, to the contingency of B*s having died laft ; fecondly, 
that B dies in thes fecond ye:ar and A in thefirft year. The 
value therefore of S for this year will be expreffed by the two 

fractions j-j 1 j-^ — • Again, the payment of S in 

the third year will depend either on A and B's both dying in 
that year, and B having died laft; or on B's dying in that 
year, and A's dying in the fir ft or fecond years. The value 



therefore of S for this year will bezr— — -^ i- 



By proceeding in this manner for the other years the whole 
Yatue of the reveriion will be found = - x "^ ' -"^ >f "^ '/ ""^ + 

2 aar abr 



abr^ GoY^ abr abr^ abr^ 

+&G. The feft of thefe feries by proceediiig in the lame 
manner as in the folution of the fecond problem may be found =^ 

P "r? aIF B~-AB 



xK^AK.- ~ I .ii-.AB + 4-x C^ACi and thefe- 

%b %r %br 



b~AB 



cond feries may be found = -- x <J - AC + — — . Hence the 

bt r 



whole value of the reverfion will be=sS ^^^^* ^ ak^c. c-ac 



r~i .B-^AB^ Q £ jp 

-— — • >^L* -»-'• MJ • 



2r 



Having now the value of the fum S depending on the older 
0£ the two fees dying laft, the value of the fame fum 

depending 
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depending on the younger of the two lives dying laft is eafily 
obtained, by fubtra6:ing the value firil found from the whole 
value of the reverfion after the extindion of both lives. 

The anfwers computed by this rule differ rather more from 
thofe computed by Mr. Simpson's approximation than they do 
in the preceding problem. But I am fearful of becoming te- 
dious, and therefore fhall defift from inferring the comparative 
values in this cafe. It may not, however, be improper to 
exemplify the truth of this demonftration, by fhewing in 
what manner the feries may be refolved into the plaiii 
fimple rule for computing the value of the reverfion^ 
when the ages are equal. The ieries in this cafe become 

S .T---7) S . c-~a\ /% S • i) — c . ^— '^ I S . ^—^ . d—e j^ o^ _^ 



i ^ ii + ffziff + ^±:i!^ + &c. + ^x5^i=if+2^£-^ &cf 

2 bbr hbr bbr"^ % bbr hhr^ -^ 



Sxi--H ^x^^^^-^^^^= (putting L for 2B-BB, the 
value of an annuity on the longeft o£ the two equal live«) 

_ ^^ «j-. =T:-x — r~" — — ;: — • V;J^- ^ • 

2 . r r ■■■■■■2 ■■ r ■• ^ •„ :r, , , . : 

The i?^^i5? value of all reveriion^ dependingvOn fufvivorflbipf 
between two lives might be found in the lama manner as;|hf 
values in the preceding problems. With regard to the values 
of reverfion s depending on furvivorfliips between three lives, 
1 am fenfible that the folutions of thofe cafes would be rather 
difiicuit when deduced from the real probabilities of life. But 
they certainly might be efFe£l:ed; and tb^e are the more necef- 
fary, inafinuch as the Iblutlons derived from the axpe^atibiil 
of life are often fo very defedive as not to deferve the name of 
approximations. 

Chatham Place, Feb. 2^ 1788. 

^ See the latter part of the folutioo of the fecond f roblenti, p» 347* 



